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Abstract

The lowest order Tamm-Dancoff equations for the mson-nucleoz system
are derived by the method of Cini, using the ave-functions defined
by Dyson. The contributions of the meson and nucleon celf-onorgLos
to the kernel of the morantum-spe,c in-tegrl ecuation are ronoralized.
Their effects are absorbed into the coupling Gz, making it momentum
and energy dependent. The effective coupling turns out to exhibit an
anomalous behavior, having a _pole for a space-li1Le momentum, to which
it is diificult to attach a sensible physical interprastiono

Ia Introduction

Calculations of the meson-nucleon scattering phase shifts have

recently been performed by the Tamm-Dancoff Nethed.(I) This paper is

essentially a continuation of one in which that undertkng is re-

ported. The lowest-order Ta=m-Danco.,C equations wore "hora derlvd

and solved approydmately by nlmerical znothods, ,ith several of the

terms in the kernel, anmely, those which corrospond to the iracleen,

meson, and vacum self-energies, and some w.Thich occur only in the

I = 1/2, J 1/2 state, simply droppedo It is tho poioso of she

present paper to ascertain the effects of the former ission on the

scattering phase shifts; in other words to find the renormalization

corrections to the scattering in states in ,hich either I or J, or

both, are different from 1/2.

One of the omitted terms, the vacuem self-energy, ray be el! natcd

by a simple redefinition of the Tamm-Dancoff emplitudes, as tao sho. ty

Dyson.(2 ) In addition, this redefinition akes possible a convint'"

(3)relativistic renormalization of mass tud charge0  In order to perfoim

(1) M. Fubini Ruovo Cimento Q, 564; F. Dyson, S. Schweber, and
W. Visscher Phys. Rev. 372.

(2) F. J. Dyson Phys. Rev. 994 (1953). We shall call Dyson's
modification of the Tanm-Dancoff theory the DTD theory.

(3) F. J. Dyson Phys. Rev. =v h21, 1543 (1953)



-2-

a reliably -unambiguous separation of the divl-ren parts of ia f

energy integrals, it is essential to write them in a corarian' forv.

For this purpose we use the method of Cin. (4.), appld to tho DTD Thco

In part III we reduce the equations derived in prt 1I to a foy'z

similar to that obtained formerly They turn out to b-, in fact,

identical, except for some of the seif-enorgy terms., ai- one of tho

terms that occurrs only in the I = 1/2, J = 1/2 state. Thus the self-

energy corrections which will be derived in ar .V wny te applicd to

the phase shifts calculated previously. 1 The results are d(1cus)od

in part V.

I. The Cini method applied to the DTD oqizitionso

We define a two-particle axplitudo

where T (t) is the interacting vacuum state 3n the interactlon :.c-

presentation, Q (t) is the real state-vector in the intcract-cn oc,-

presentation, and +1 (x) and )(y) are inter:action r -i. " ... o-.-,

for the nucleon ard rason fields, respectivelyo 24 C y a 'nec? .. ot bz c, tih.

space-like surface t. L. (t) and t ( vztify the Sd n-cr

. t jo--jt c t ) 
j

At
It is a consequence of equations I and 2 that t

14)4. CiJNu~v6 Cirnto XQ 526(.1953)
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if one requires that the initial. state ) 'o be state with one

meson present.

We choose equation (3) as the fundamental equation for our system,

because it will yield results in a simple way which are equivalent to

the lowest-order TD approximationo The Tam-Dancoff approimation as

applied to equation (3) may be stated in the follotrng manner. One

arranges the operators occurring in the integrarA in the normal order,

(absorption operators to the right of emission operators) yielding a

sum of terms of the general form of (xy;t)p possibly containing

more than two field operators. We then drop all the ter.o except those

having exactly the form of 14 (x.,y;t)o Th.t this procedure is

equivalent to a Tanm-Dancoff approximation may be seen in the follouimg

way. A diagram is draum in figure 1 which is a convenient way to enumerate

the non-zero matrix elements of the interaction 11ailtonian 111 Since Ej

contains two nucleon field operators, and one meson operator, the non-zaro

elements are only those between states which differ by zero or two nucleoNm

and by one mosono The lines in Fig. I represent matrix elemonts .hdch

connect the "groumd state' (I mesonp 2 r.cleon in state T in excess

of those in T. ) to other states. It is clear that our approdamation

is equivalent to the Tamm-Dancoff appromInation which restricts the allowed

states of the system to the solid oircles in Fi,. 1,

When the above procedure has been carried out, we shall be left with

an integral equation for (,y.t) similar in appearance to the lowest

order Bethe-Salpeter equation for tho meson-nucleon system, with the important

difference that our field operators are in the interaction representation,

and their time-dependence is known,



into Eq4, (3), we obtain

f tM(5)

(here A t Men s  )

The double cormutator in (5) may, vithout much diTfi.1=1ty, be pat

into normal order; if one retains only those toxvs wUhich cor.cspond to

a one-meson, one-nucleon amplitude, it bocomes

4<e < 4)~) a' ) 4 ) (-' 4t), ~< P-)y(d) )' ) 4b
I.Y. t/(~ a) aS(

By application of the usual rules for drauing the Feynman diagram

be seen to correspond to the time-ordered graphs drawna in Fig. 2o

q-,\
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It wLl be noticed that the graphs (a), (b), and (c) occur alone, withotet

their negative-energy intermediate state analogs, and that tho vacuum

self-energV fails to appear at all, in contrast to ihat one finds ulth

the old Tamm-Dancoff method. The reason that these terms do not appear

is that the structure of the commutator in Eq. (5) is such that any

Feynnan diagram representing parts of it must have a line connecting

z with x or y, or both.

If we next insert the propagation functions defined by

2.

A" - 1 "

0 2.

vacuum expectation values in 6(d) and 6 (e) which depend on field operators

at w andi , we may extend the integration over w .in (5) to all opace-tiuze

because 6(a), 6(b), and 6(c) are already zero ,,hen ro( .o The result
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of this substitution is that (5) becomes

(X 4 t AVr

L4

&A t' S g( t) )

a ((w 4 S T A~~

+b S@ (iVr

J

IIl* Reduction to the non-covariant form,

It will be noticed from the form of (z,y~t) that it is

non-zero in four different physicel itutions(3). Specificeflyr

decomposing ky and into their positive and negative energy parts,

no(,~ negps
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where, for example)

This decomposition may be done explicitlv hcre bocauso the tine dependence

of the interaction representation operators € and is lmown. A non-

zero corresponds to having a meson and a nucleon in the state

in excess of those in 1 to one more nucleon and one less meson;

to one more meson and one loss nucleon, f to oine less meson and

one less nucleon in -. than We will nouw operate from the left on

Eq. (9) with a positive energy projection operator for both nucleons and

mesons, yielding a somewhat simplified equation:

~jc + c&2 it) Y.

-I- I

+- X --
+ <+-( 6 # ,-

"t" it
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This is eXctlyr the equation which would have boon ';bUained if we had

started with ' n equation 3. We will next drop all terms on the right-

hand side of eq. (10)which contain either meon or n.clcoo noon i, .- ncrgy

ap lltudeso This Is consistent with the TawL-Dancoff approuir.ation; the

dropped components of the wave-function are not among thoec corrected on

figure 1 to the ground state,

The terms in eq. (10)containing ) S) L) S" I anI

S ( ) will dop out in the integration over

After dropping the negative-energy omplitudos, e ta:e the-. rourier

transform of equation (10). The exp-ision of C{) ic found to bs

where x j G~/o~ "

(M and/A are tho masses %f the nucleon an rseon) ,11n

,A and t,% are annihilation operators for tho niucleon and m:zon.

respectively. Inserting the time dependence of the stato vectoro,

- E ,I- o"k1)t -.

where A Q is the no-interaction Hamiltonian, E iz the total onorga of

the system, and is the vacuum state energy, equation 12 becomes (. P

(3.4)

With this notation, equation (10), ,'ritten in mom.ntira space in the centor-

of-mass swstem become.. ( p . momentum of nucleon; 6 -,
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L~Ct -- _ _ _ _ __-'-")y.---

AA7Ga Ar.A)( d-r)

Here we hnve, for convenience in the noext saetiozs, left the zoclo.-:;irjY

parts in terms of invariant functions. .Uvcopt fa.:, th.... .. ct .c.- the

turms involving the energy denominator - i ,rhich coiitributof- only to
the states for which "-- '/4 , this e-uat.on i itd-cntical to that drivcd

by the old Tamn-Dancoff method IWe m- thorcfor'o c=cu.i-Ce these

self,-energy parts, and use them to find corruction3 to tho phase shifts

previously calculated, except for the 3. :-5- '/ ctatos

1V. ?noralization.

and ~~ ~ v

These are the well-known nucleon and meson self-enargy propogttion factors

from second-order perturbation theory whose strong singularity at " % 0

causes the divergence of their momentum-space integrals. We :,lhall folloii

the usual relativistic subtraction procedtues to extract their fhiite parts,
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We take the 4-dimensional fourier transform of and

(17)

L()

These are now relativistically invariant fnctions of the 4-vector

momenta P and f More specifically, fj(r.) is a function of ,

only , since .. is the simplest invariant matri:,. function '" (

Similarly k(,-) is a function of -r only, Those facts mray be easily

verified by explic-'" calculation.

In the usual way, (6) we set the observable (ronornnlized) p r-ts of

the self-energy operators equal to the foll.ting:

a£.( ) ~f').Q M) - tAla

(6) P.T. Matthews Phil. Hag. Z 185 (1950)
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1TUOM LPt-2n1GY RflNOMM4LIZAT-ION

The subtractions indicated in (i) may be carried out by follwiang
7)

exactly the procedure of Karplus and Krol. for the electron self-

energy,

C. 
(20)

We use

( a(21)

to get

\ i S' -" -(22)

The deno natXa oft the integrand may be written ( 1

where A' (y\-1 ) t-A't - " -

We expand the integrand in a pcuer series in P- ; keeping only the fi!-st

two terms, because the higher ones may be transforracd into vanishing

surface integrals. This costs (22) into the form

LIL
ft7..e.r): t,-" LS,-A U (23)

(7) R. Karplus and H.M. Kroll PMrs Rev 2L 536 (1950)
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Upon carrying out the differentiation in (23), and making use of the

facto that

we find the following

j.4t (25)
The subtraction proceduroes (18) may be applied to thir equation, ond, uicing

use of

1-A (26)
a( Y AU +  4

one obtains

(27)

(A -u

AO--

I -

( R .)( I 6

(8) R. P. -qf jmm Phys. Rev. 26 "t'69 (.1949)
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where M (A~ -A.

I It is worthwhile noting that,, although it would greatly simplif'y th-:i

is not ananalytic Zunction ofA L at 1 A I 0

MoN SEtF-,21MY RENOILIZATO N

(28)

Sy evalw"ting the spur here, one may wite

r

,- C ~' () -A
K) i-A 0A

The second term clearly gives no contribution to . , since it will

drop out in the first subtraction in (19). This is also true of tho first

term, as may be seen by expanding the ntogrand, as was done in (23).

We find

IiA

AA 9r AA(P -AA\



This will completely drop out in the subtraction (19). Thorefaeo the

obsrvale art oL are all contalned in the tliL-- rd of (29),

Applic ,4-ion of (21) yields

-Y' (30)

after a change of variable c - Wue define

"z',(31)

where A is a very largo mass.

Using (26), (31) becomes

A() ' A - "'(- 'P ' " (32)

The subtractions (19) may be conveniently performed on this expresioa;

when one does them, and lets one obtains

(- 
(33)

which may be quite accurately approximated by letting P, C? under tho

integral sign. One then obtains

t A ,-(34)

I Z. z\
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V. Conolusion

The integrals in (27), (34) are elementary; and may be carried out
0

without difficulty. The arguments of .a and I are replaced by the

following functions of momentum and energy in the center-of-mass system

Thus b vt ecomes aw bAj('~B'~> ecomes

"J 2( 2,)Ince what Occurs in (15) is)

and (A(') satisfies
() e j, /: -,ilv) C4.,) -- )

l (35)

E (15) may now be revritten in the form

CA-., (P i) (i!cetie ( teraction terms)

where the interaction terms include all those on the right-hand-side of

(15) except the self-energy terms, and

C{J3 C~' ~r\(37)

The effect of the self-eniergy ter= may therefore be considered as

causing the coupling constant to become a function of momentum and energy.

When one calculates the asyMt.p,tio expressions for the integrals (34) and (27)

for large p and inserts them into (37), the latter becomes

t/

it 0
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Here the first term within the brackets arises from the nucleon self.

energy, the second from the meson. It is seen that for large p (38) is

negative. ( 9 ) For Oit is by definition positive and equal to / •7r

Therefore for sow P- K for which 4<0 has a pole. A pole

in the wave function 4 ,- would imply that an outgoing wave of

momentum K was present, if one assumed an Ingoing wave for which

= 0 . This /K 2 however, with the given energy of the system ,

would form a space-like energy-momentum four-vector, which is highly un-

physical, corresponding to something like production of particles of

imaginary mass. No reconciliation of this nonsensical prediction with

reality has yet becn made, and at present it must be considered as raising

serious doubt about the validity or consistency of the Tamm-Dancoff

appi oximation.

I would like to thank F. J. Dyson for suggesting this problem, for

essential guidance, and for several helpful discussions.

(9) R. H. Dalitz (Private communication) has pointed out an error made
by me in the evaluation of these terms which radically alters their
behavior. His information has prevented the possible publication
of qualitatively wrong results, and is greatly appreciated.
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Figure 2. Diagrams corresponding to the terms or" equation 6. Time increases

vertically.
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-'0 0 0 0

1I 0 1 2 .3
Nucleons

Figure 1. Intermediate states of the meson - nucleon scatterig system

which are allowed in the Tamm-Dancoff approximation° Vertinally is

plotted the number of mesons present in the real state in excess of those

present in the vacuum, horizontally the number of nucleons.
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